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Abstract. A set of canonical parahermitian connections on an almost paraHermitian 
manifold is defined. ParaHermitian version of the Apostolov-Gauduchon generalization 
of the Goldberg-Sachs theorem in General Relativity is given. It is proved that the 
Nijenhuis tensor of a Nearly paraKahler manifolds is parallel with respect to the canon- 
ical connection. Salamon's twistor construction on quaternionic manifold is adapted to 
the paraquaternionic case. A hyper-paracomplex structure is constructed on Kodaira- 
Thurston (properly elliptic) surfaces as well as on the Inoe surfaces modeled on Solf. A 
locally conformally flat hyper-paraKahler (hypersymplectic) structure with parallel Lee 
form on Kodaira-Thurston surfaces is obtained. Anti-self-dual non-Weyl flat neutral met- 
ric on Inoe surfaces modeled on Solf is presented. An example of anti-self-dual neutral 
metric which is not locally conformally hyper-paraKahler is constructed. 
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1. Introduction 

We study the geometry of structures on a differentiable manifold related to the algebra of 
paracomplex numbers as well as to the algebra of paraquaternions together with a naturally 
associated metric which is necessarily of neutral signature. These structure lead to the notion 
of almost paraHermitian manifold, in even dimension, as well as to the notion of almost 
paraquaternionic and hyper-paraHermitian manifolds in dimensions divisible by four. Some 
of these spaces, hyper-paracompex and hyper-paraHermitian manifolds, become attractive 
in theoretical physics since they play a role in string theory jool 1401 FH1 1111 14 1| and integrable 
systems |2(i| . 

Almost paraHermitian geometry is a topic with many analogies with the almost Hermitian 
geometry and also with differences. In the present note we show that a lot of local and some 
of the global results in almost Hermitian manifolds carry over, in the appropriately defined 
form, to the case of almost paraHermitian spaces. 

We define a set of canonical paraHermitian connections on an almost paraHermitian man- 
ifold and use them to describe properties of 4-dimensional paraHermitian and 6-dimensional 
Nearly paraKahler spaces. 

We present a paraHermitian analogue of the Apostolov-Gauduchon generalization [§] of 
the Goldberg-Sachs theorem in General Relativity (see e.g. [57] ) which relates the Einstein 
condition to the structure of the positive Weyl tensor in dimension 4. Namely, we prove 

Theorem 1.1. Let (M,g,P) be a 4-dimensional paraHermitian manifold. Let W + be the 
self-dual part of the Weyl tensor and 9 be the Lee 1-form. The following conditions are 
equivalent: 

a) The 2-form d6 is anti- self- dual, d9 + = 0; 

b) W% — 0, equivalently, the fundamental 2-form is an eigen-form of W + ; 

c) (SW+y = 0, equivalently, (5W)(X 1 '°;Y 1 '° , Z 1 ' ) = 0. 

Corollary 1.2. Assume that the Ricci tensor p of a paraHermitian ^-manifold is P -anti- 
invariant, p(PX, PY) = —p(X,Y). Then dO is anti- self- dual 2-form, d6 + = 0. 

In particular, on a paraHermitian Einstein 4-manifold the fundamental 2-form is an 
eigen-form of the positive Weyl tensor. 

It turns out that any conformal class of neutral metrics on an oriented 4-manifold is 
equivalent to the existence of a local almost hyper-paracomplex structure, i.e. a collection 
of anti-commuting almost complex structure and almost para-complex structure. Using the 
properties of the Bismut connection, we derive that the integrability of the almost hyper- 
paracomplex structure leads to the anti-self-duality of the corresponding conformal class 
of neutral metrics (Theorem 16.211 . Applying this result to invariant hyper-paracomplex 
structure on 4-dimensional Lie groups [4j |22] we find explicit anti-self-dual non Weyl flat 
neutral metrics on some compact 4-manifolds. Some of these metrics seem to be new. 

We apply our considerations to Kodaira-Thurston complex surfaces modeled on S 1 x 

S'L(2,]R) (properly elliptic surfaces) as well as to the Inoe surfaces modeled on Sol\ in the 
sense of . These surfaces do not admit any (para) Kahler structure |65l 1181 158] . It is also 
known that these surfaces do not support a hyper-complex structure @2l EH| ■ 
In contrast, we obtain 

Theorem 1.3. The Kodaira-Thurston surfaces M = S 1 x (SL(2,R)/T) admit a hyper- 
paracomplex structure. The corresponding hyper-paraHermitian structure has V 3 -parallel 
Lee form and is locally (not globally) conformally equivalent to a flat hyper-paraKahler (hy- 
persympectic) structure. 
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Theorem 1.4. The Inoe surfaces modeled on Solf admit a hyper-paracomplex structure. 
The corresponding neutral metric is anti-self-dual non- Weyl flat. The para-hermitian struc- 
ture is locally (but not globally) conformally hyper-paraKahler (hyper symplectic) . 

The Inoe surfaces modeled on Sol\ are compact solvmanifolds. A compact 4-dimensional 
solvmanifold S can be written, up to double covering, as G/T where G is a simply connected 
solvable Lie group and T is a lattice of G and all compact four-dimensional solvmanifolds ad- 
mitting a complex structure are classified recently in |2Hj. Except the Inoe surfaces modeled 
on SoIq, all other compact four-dimensional solvmanifolds admitting a complex structure 
support also an hyper-paracomplex structure due to the results in |58l 1461 129] and Theo- 
rem ^31 It is also shown in pH| that every complex structure on a compact 4-dimensional 
solvmanifold is the canonical complex structure induced from the left-invariant complex 
structure on the solvable Lie group G. The four-dimensional Lie algebras admitting hyper- 
paracomplex structure are classified in [221 - A glance on Lie algebras listed in [22] leads to 
the conclusion that the Inoe surfaces modeled on SoIq do not admit a hyper-paracomplex 
structure induced from a left-invariant hyper-paracomplex structure on the solvable Lie 
group SoIq. 

In view of Theorem 16.21 and Theorem 11.41 a naturally arising question is whether the 
existence of a self-dual neutral metric distinguishes the Inoe surfaces modeled on Sol\ and 
the Inoe surfaces modeled on SoIq, i.e. whether there exists a hyper-paracomplex structure 
on the Inoe surfaces modeled on SoIq. 

We construct an anti-self-dual neutral metric which is not locally conformally hyper- 
paraKahler (hypersymplectic). We adapt the Ashtekar at all formulation of the self- 
duality Einstein equations to the case of neutral metric and modify the Joyce's construction 
45J of hyper-complex structure from holomorphic functions to get hyper-paracomplex struc- 
ture. 

Some properties of hyper-paracomplex and hyper-parahermitian structures in higher di- 
mensions are treated in 021 EH ■ 

We prove that the Nijenhuis tensor of a Nearly paraKahler manifold is parallel with 
respect to the canonical connection. In dimension six, we show that these spaces are Ein- 
steinian but the Ricci-flat case can not be excluded. This is in contrast with the case of 
Nearly Kahler 6-manifolds which are Einsteinian with positive scalar curvature. We involve 
twistor machinery to obtain examples of Nearly paraKahler manifolds. We adapt Salamon's 
twistor construction on quaternionic manifold E01 EH E2] to the paraquaternionic situa- 
tion. We consider the reflector space of a paraquaternionic manifold as a higher dimensional 
analogue of the reflector space of a 4-dimensional manifold with a metric of neutral signa- 
ture described in EH- We show that the reflector space of an Einstein self-dual non-Ricci 
flat 4 manifold as well as the reflector space of a paraquaternionic Kahler manifold admit 
both Nearly paraKahler and almost paraKahler structures. We present homogeneous as 
well as non locally homogeneous examples of 6-dimensional almost paraKahler and Nearly 
paraKahler manifolds. However, all our examples of Nearly paraKahler 6-manifolds are Ein- 
stein spaces with non-zero scalar curvature. To the best of the author's knowledge there are 
no known examples of Ricci flat 6-dimensional Nearly paraKahler manifolds. 
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Abdus Salam ICTP for providing support and an excellent research environment. S.I. is a 
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2. Preliminaries 

Let Fbea real vector space of even dimension 2n. An endomorphism P : V — > V is called 
a paracomplex structure on V if P 2 = 1 and the eigenspaces V +1 , V^ 1 corresponding to the 
eigenvalues 1 and —1, respectively are of the same dimension n, V — V + ® V~ . Consider 
the algebra 

A = {x + ey, x, y G R, e 2 = 1} 

of paracomplex numbers over R. As in the ordinary complex case, A™ is identified with 
(R 2 ™, P), where Pv = ev. P is called the canonical paracomplex structure on R 2 ™. 

The notions of (almost) paracomplex, paraHermitian, para-holomorphic, etc., objects are 
defined in the usual way over the paracomplex numbers A, instead of the complex numbers 
C. A survey on paracomplex geometry is presented in (2l] , 

A (l,l)-tensor filed P on an 2n-dimensional smooth manifold M is said to be an almost 
product structure if P 2 = 1. In this case the pair (M,P) is called almost product manifold. 
An almost paracomplex manifold is an almost product manifold (M, P) such that the two 
eigenbundles T + M and T~ M associated with the two eigenvalues ±1 of P have the same 
rank. Equivalently, a splitting of the tangent bundle TM = TM + ®TM~ of the subbundles 
TM ± of the same fiber dimension is called an almost paracomplex structure. A smooth 
section of TM + is called (l,0)-vector field while a smooth section of TM~ is said to be 
(0,1) '-vector field with respect to the almost paracomplex structure. Such a structure my 
alternatively be defined as a G-structure on M with structure group GL(n,M) x GL(n,M). 

The Nijenhuis tensor N of P is defined by JgSl 

4N(X, Y) = [PX, PY] + [X, Y] - P[PX, Y] - P[X, PY}. 

The structure P is said to be paracomplex if N = O] which is equivalent to the distri- 
butions on M defined by TM^ to be both completely integrable [321 • The paracomplex 
manifold can also be characterized by the existence of an atlas with paraholomorphic co- 
ordinate maps i.e. the coordinate maps satisfying the para-Cauchy-Riemann equations [HI] 
(see also (33). 

An almost paraHermitian manifold (M, P, g) is a smooth manifold endowed with an al- 
most paracomplex structure P and a pseudo-Riemannian metric g compatible in the sense 
that 

g(PX,Y)+g(X,PY)=0. 

It follows that the metric g is neutral, i.e. it has signature (n,n) and the eigenbundles TM^ 
are totally isotropic with respect to g. Equivalently, an almost paraHermitian manifold is 
a smooth manifold whose structure group can be reduced to the real representation of the 
para-unitary group 




U(n,A) < \ Lie GL(n,] 



isomorphic to GL(n, R). 

Let ei, e„, e„+i = Pe\,...,ei n = Pe n be an orthonormal basis and denote e% 
sign(g(ei,ei)) = ±1, ej = 1, i = 1, n, ej = = n + 1, ...,2n. 
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The fundamental 2-form F of an almost paraHermitian manifold is defined by 

F(X,Y)=g(X,PY). 

The covariant derivative of F with respect to the Levi-Civita connection V s is expressed in 
terms of dF and N in the following way (see e.g. |47j ) 

(2.1) 2(V°F)(X;Y,Z) = -2g((W 9 x P)Y, Z) = 

dF(X, Y, Z) + dF{X, PY, PZ) + AN{PX; Y, Z). 

The Lee form 8 is defined by 8 = SF o P, where 6 — — * d* is the co-differential with respect 
to g. For 1-form a we use the notation Pa(X) — —a(PX). Thus, 9 = PSF. We also have 

2n 2n n 

6{X) = e i (V 9 F)(e l ; e t , PX) = - ^ dF{e t , Pe l; X) = £ dF(e u Pe u X). 

i—1 i—1 i—1 

Almost paraHermitian manifolds are classified with respect to the decomposition in in- 
variant and irreducible subspaces, under the action of the structural group U(n,A), of the 
vector space of tensors satisfying the same symmetries as V 9 F ^lEnj. We recall the defining 
conditions of some of the classes: 

- V 9 F = dF = 0, para-Kahler manifolds; 

- N = {V 9 PX P)PY + {V g x P)Y = 0, paraHermitian manifolds gS]; 

- (V X P)X = 0, Nearly paraKahler manifolds; 

- dF = 0, almost paraKahler manifolds; 

- dF = 8 A F, dd = 0, paraHermitian manifolds locally conformally equivalent to 
paraKahler spaces [[3(3 El • 

Examples of almost paraHermitian manifolds including the non-compact hyperbolic Hopf 
and hyperbolic Calabi-Eckmann manifolds ^3] are collected in pi]. Another source of 
examples comes from the /c-symmetric spaces, i.e. homogeneous spaces defined by a Lie 
group automorphism of order k ^01- Almost paraHermitian manifolds are also called almost 
bi-Lagrangian f 441 148j . They arise in relation with the existence of Killing spinors of an 
indefinite neutral metric |48| . 



3. ParaHermitian connections 

A linear connection V on an almost paraHermitian manifold (M, g, P) is said to be 
paraHermitian connection, if it preserves the paraHermitian structure, i.e. Vg = VP = 0. 

In this section we define canonical paraHermitian connections in a (formally) similar way 
as it was done in for an almost Hermitian manifold. 

We start with type decomposition of an element B g A 2 (TM). Denote g(X, B(Y, Z)) := 
B(X; y, Z). Let Bi(B) : A 2 (TM) -> A 3 be the Bianchi projector 

Wi(B)(X] Y, Z) = B(X; Y, Z) + B(Y; Z, X) + B(Z; X, Y). 

Further, we say that B is 

- of type (1,1) if B(PX,PY)=-B(X,Y); 

- of type (0,2) if B(PX,Y)=-PB(X,Y); 

- of type (2,0) if B(PX,Y)=PB(X,Y). 
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We will denote the corresponding type-subspaces by A 1 ' 1 , A 0,2 , A 2 ' , respectively, such that 
B = B 11 © B°> 2 B 2 . The projections are given by 

B 1 ' 1 (X, Y)= l - {B(X, Y) - BiPX, PY)) , 

B°' 2 (X, Y) = - (B(X, Y) + B(PX, PY) - PB(PX, Y) - PB{X, PY)) , 

B 2fi (X, Y) = \ {B(X, Y) + B(PX, PY) + PB(PX, Y) + PB(X, PY)) 

We define an involution In : A 2 (TM) -> A 2 (TM) by In(B)(X; Y,Z,) = B(X; PY, PZ). 

We may consider a 3-form ip as a totally skew-symmetric section of A 2 (TM). It thus 
admits two different type decomposition: 

1. decomposition as a 3-form: ip = V' + © V" - , where ip + denotes the (l,2) + (2,l)-part 
and ^"-the (3,0) + (0,3)-part of ip given by 

iP+(X, Y,Z) = - A (ty(X, Y, Z) - iP(X, PY, PZ) - iP(PX, Y, PZ) - iP(PX, PY, Z)) , 

4>-(X, Y,Z)= l - (iP(X, Y, Z) + iP(X, PY, PZ) + iP(PX, Y, PZ) + iP(PX, PY, Zj) . 

2. A type decomposition as an element of A 2 (TM). 

The two decompositions are related by ip~ = ip ' 2 , ip + — tp 2 - + ip 1 ' 1 . 
Let V be any paraHermitian connection. Then we have 

(3.2) g(V x Y, Z) - g(X7 9 x Y, Z) = A(X; Y, Z), 

where A 6 A 2 (TM) since Vg = 0. 

The torsion of V, T(X, Y) = V X Y - V Y X - V [X , Y ] G A 2 (TM) and 

(3.3) T = -A + 3Bi(A), A = -T+^Bi(T), Bi(A) = ^Bi(T). 

We determine V in terms of its torsion. 

Denote d a F(X, Y, Z) := -dF(PX, PY, PZ) we obtain easily the following 

Proposition 3.1. On an almost paraHermitian manifold we have: 

a) The Nijenhuis tensor is of type (0,2). In particular it is trace-free, tr(N) = 0. 
The skew- symmetric part of N is given by 

(3.4) Bi(N) = l(d a F)-; 

b) The component (V 9 ^) 1 ' 1 = 0. 

c) The component (X7 9 F) 0,2 is determined by N : 

(3.5) (V 9 F)°- 2 (X;Y,Z) = dF~ (X,Y, Z) + 2N(PX;Y, Z) = 

N(PX; Y, Z) - N(PY; Z, X) - N(PZ; X, Y). 

d) The component (\7 9 F) 2,0 is determined by dF + : 

(3.6) (V 9 F) 2fi (X;Y,Z) = 1 (dF+(X,Y,Z) + dF+(X,PY,PZ)) 
We describe the paraHermitian connections in the next 
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Theorem 3.2. Let V be a paraHermitian connection. Then 

(3.7) T ' 2 = -N, Bi(T 2 '°) - Bi{T 1 - 1 ) = --(d a F) + 

3 

For any 3-form ip + of type (1,2) + (2,1) and any section _B& of A 1,:L (TM) satisfying 
Bi(Bjj) — there exists a unique paraHermitian connection whose torsion T is given by 
the formula 

(3.8) T = —N — hd a F)+ - hn(d a F)+ + + hn(^+) + B b . 

o o o o 

The corresponding paraHermitian connection is then equal to V s + A, where A is obtained 
from T by . 

Proof. Since VP = we get the first equality in Ij3.7l) by straightforward calculations. 
We calculate T 2 ' - T 1 - 1 = N + In{T), 3Bi(In(T)) = -d a F. Apply to derive 

3 (Bi(T 2 '°) ~ BiiT 1 ' 1 )) = -d a F + (d a F)- = -{d a F)+ which completes the proof of lETrj) . 
Denote by V + the (l,2) + (2,l)-form Bi(T 2 <°) + B^T 1 ' 1 ) and use (EjJ to get 

(3.9) Bi{T 2 ») = \{d a F)+^ , Bi(T 1 ' 1 ) = \ L+ + i(d a F)+) . 

A linear connection V preserves the almost paracomplex structure if and only if A satisfies 
A(X;PY,Z) + A(X;Y,PZ) = (V 3 F)(X;Y,Z). By means of (E3 the last equality is 
equivalent to 

(3.10) -T(X; PY, Z) - T(X; Y, PZ) + ^ (Bi(T){X; PY, Z) + Bi{T)(X; Y, PZj) = 

= (V 9 F)(X;Y,Z). 

The first consequence of H3.9H and H3.10H is that the (l,l)-part of T which satisfies the 
Bianchi identity is free, denote it by T b ' = B b . Take the (0,2) and (2,0) parts of H3.10|l . 
apply (|S3, (|S3l and use pTFjt. l(3~9ll to get formula (E3J. □ 

Corollary 3.3. Let (M,g,P) be a 2n- dimensional almost paraHermitian manifold. There 
exists paraHermitian connection on M with totally skew- symmetric torsion if an only if the 
Nijenhuis tensor is totally skew- symmetric. Ln this case the connection is unique and the 
torsion T is given by 

(3.11) T=(d a F)+-N 

Proof. Assume T is a 3-form. Then N is a 3-form due to IJ3.7JI and B^ = 0. We claim 
4>+ = {d a F)+. Indeed, ip+ = §T + \d a F. On the other hand, ip+ = Bi(T 2fi ) + B^T 1 ' 1 ) = 
T + N = T+ ±(d a F)-. Hence, the claim follows. Substituting ip + = (d a F)+ into we 
get H3.11jl . The corollary follows from Theorem 13.21 □ 

We shall call this connection the Bismut connection. 

Definition 3.4. A paraHermitian connection is called canonical if its torsion T satisfies the 
following conditions 

9t — 1 

(3.12) T b ' = 0, (Bi(T))+ = — (d a F)+ 

for some real parameter t. We denote the corresponding connection by V*. 
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Combining 113. 8J) with 13. 1211 we get that the torsion T* of V* is given by 

T* = —N — ^—l(d a F)+ - t -±ll n (d a F)+. 

Any canonical connection is connected with the Levi-Civita connection by 

(3-13) g(V x Y, Z) = g(V 9 x Y, Z) - l g (V 9 x P){PY, Z)- 

~ ((d a F) + (X 7 Y,Z) - (d a F) + {X, PY.PZ)) . 

The paraHermitian connection with torsion 3-form is the canonical connection given by 
t = —l. Another remarkable connection is the canonical connection obtained for t — [67 , 

g(V° x Y, Z) = g(V x Y, Z) l -g(V x P){PY, Z), T° = —N + \(d a F)+ \ln(d a F) + . 

Note that if dF + = then the real line of the canonical connections degenerates to a 
point V° with torsion T° = — N . Almost paraHermitian manifolds satisfying the condition 
dF + = are called quasi-paraKahler or (l,2)-symplectic. In view of Proposition 13. II quasi- 
paraKahler manifolds are characterized by (HJj, (V 9 px F)(PY, Z) - {{V 9 X F){Y, Z) = 0. 

3.1. Canonical connection on paraHermitian manifold. We apply our previous dis- 
cussion to a paraHermitian manifold, N = 0. 

Theorem 3.5. Let (M,g,P) be a 2n- dimensional paraHermitian manifold. 

a) There exists a unique paraHermitian connection V 1 on M with torsion 
T l e a 2 .°(TM) i.e. T 1 satisfies 

T 1 {PX 1 Y) = PT 1 {X,Y). 

This connection is the canonical connection obtained by t = 1 and given by 

(3.14) g^xY.Z) =g(y 9 x Y,Z) - ^dF(PX,Y,Z). 

b) The curvature R 1 := [V 1 , V 1 ] — is of type (1,1) in the sense that 

r}-(px,py) = -B}(X,Y). 

Proof. From N = we get (d a F)- = 0,d a F = (d a F)+. Apply Theorem O We have 
B b = 0, 0+ = Bi(T) = -\d a F since T 1 € A 2 '°(TM). Hence, this is the canonical connection 
obtained for t = 1 which proves a). 

To prove b) we consider the paracomplex coordinate system ( ) around 

a point p £ M such that ^p-, is an +- eigen-basis of T p M + and g|r, is an 
— eigen-basis of T p M~ , i.e. P-^j = ^ik? = ~~§j?- Then the metric and the funda- 

mental 2-form are given by g — 2gqdx l dx\ F = Fqdx 1 A dx J , Fq = —F^ = —gq- 

Summation in repeated indexes is always assumed. We use the following convention: For 



We derive easily the expressions 



a tensor K of type (p,q), the symbol if. 1 '"'?- means 

'•- ' %\ , . . .tq i 1 , . . . iqr 



99ik d 9fk ... _ dg k j dg kl 



dFijk — dFiiu — 0, dF^i. — 1 . — — —, dFj^u — — — = — =- — — dF '■ i, . 

J ljk vk dxi dx l l]k dx* dx' 3 
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Due to the Koszul formula, the local components of the Levi-Civita connection are given 

by 















kS dF ]s 


. = r*. 


p 

ij 



r?j = ^df>« = rf il it, V A <//•;., i:,- r|=r| = o. 

The local components Cy of V 1 are calculated from (13 . X4fl and Q3.15I1 

(3-16) C ii=9 k ~ S ^ ( 't <r'^- ^ = C| = <7* =<7| = C§=Cg=0 

The curvature tensor R 1 has the property R 1 o P = P o R 1 since V*P = 0. To prove b) it 
is sufficient to show R} lT = R^ T , = which is a direct consequence of 13.1 fit . □ 

Further we shall call V 1 the Chern connection. This connection coincides with the canon- 
ical compatible connection of the tangent bundle viewed as a paraHermitian, paraholomor- 
phic bundle of rank n defined in [28| . 

Corollary 3.6. The curvature R 9 of the Levi-Civita connection of a paraHermitian manifold 
satisfies the identities 

R 9 - R 9 - 

equivalently 

R 9 (X, Y, Z, V) + R 9 {PX, PY, PZ, PV) + R 9 (X, Y, PZ, PV) + R 9 {X, PY, Z, PV)+ 
R 9 (X, PY, PZ, V) + R 9 {PX, PY, Z, V) + R 9 {PX, Y, PZ, V) + R 9 {PX, Y, Z, PV) = 0. 

The curvature R 1 and the torsion T 1 of the Chern connection are given by 



R m = -9sT-q^ = -9sIqJ \9 Sm -^f J ho <!>■,„, • 

3.2. Ricci forms of the canonical connections. For a linear connection V with curvature 
tensor R on an almost paraHermitian manifold of dimension 2n we have Ricci type tensors: 

- the Ricci tensor p(X, Y) := J2i=i e iR( e ii ^ ^ e i)\ 

- the *-Ricci tensor p*(X,Y) := £i=i t l R{e l , X, PY, Pe l ); 

- the Ricci form r{X, Y) := -| Ei=i h e i} Pe % ) = - J^ti R ( X > h e h Pe l ). 
The scalar curvatures are defined to be the corresponding trace: 

- the scalar curvature s = tr g p = Y^i=i e iP( e i> e i)n 

- the *-scalar curvature s* — tr g p* — 2^^™ 1 tip(e.i,ei), 

- the trace of the Ricci form r = tr g r = Yhi j=i r ( e i: P&i)- 

For the Levi-Civita connection, we have the properties (see [HEj) 

p 9 *{X, Y) = r 9 {X, PY), p 9 *(X, Y) + p 9 *{PY, PX) = and consequently, s 9 * = t 9 . 

To find relations between the Ricci forms of the canonical Hermitian connection we con- 
sider the paraholomorphic canonical bundle A^(TM). Any linear connection preserving the 
structure P, i.e. preserving the eigensubbubdles TM + and TM~, induces a connection on 
the line bundle A^(TAf) with curvature equal to (-) its Ricci form. Let s be a section of 
AJ(TM). From fHSt we infer that V*s = V°s + |P0 <g> s. Consequently r* = r° - §d(P0). 
In particular the Ricci forms of the Bismut and Chern connection are related by 

(3.17) r- 1 =r l +d(P6). 
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4. ParaHermitian 4-manifold 

In this section we find a paraHermitian analogue of the Apostolov-Gauduchon general- 
ization jH] of the Goldberg-Sachs theorem in General Relativity (see e.g. [SJj)- We prove 
the result using the properties of the Chern connection. 

Let (M, g) be an oriented pseudo-Riemannian 4-manifold with neutral metric g of signa- 
ture (+,+,—,—). This is equivalent, on one hand to the existing of an almost paracomplex 
structure, and on the other hand, to the existence of two kinds of almost complex structures. 
In a compact case the second property leads to topological obstruction to the existence of 
neutral metric expressed in terms of the signature and the Euler characteristic |5.'i| . 

The bundle A 2 M of real 2-forms of a neutral Riemannian 4-manifold splits 

(4.18) A 2 M = A+M 8 A~M, 

where A + M, resp. A~M is the bundle of self-dual, resp. anti-self-dual 2-forms, i.e. the 
eigen-sub-bundle with respect to the eigenvalue +1, resp. — 1, of the Hodge *-operator 
acting as an involution on A 2 M. We also may consider the connected component SO + (2, 2) 
of the structure group 50(2,2). This group has the splitting SO+ (2,2) = SL{2) x SL(2) 
which defines two real vector bundles (of rank 2) S + and S~ and TM — S + © S~ which 
induces the splitting l|4.18[L 

We will freely identify vectors and co-vectors via the metric g. 

The self-dual part W + — \{W + *W) of the Weyl tensor W is viewed as a section of the 
bundle W+ = SymoA + M of symmetric traceless endomorphisms of A + M. 

Let P be an almost paracomplex structure compatible with the metric g such that (g, P) 
defines an almost paraHermitian structure. Then the fundamental 2-form F is a section of 
A + M and has constant norm 2. Conversely, any smooth section of A + M with constant norm 
2 is the fundamental 2-form of an almost paracomplex structure. Our considerations in this 
section are complementary to that in in the sense that a section of A + M with norm —2 
can be considered as a Kahler form of an almost complex structure, the case investigated in 


We have the following orthogonal splitting for A + M 

(4.19) A+M = M..F © A+M, 

where A+ = A°' 2 M ©A 2 <°M denotes the bundle of P-invariant real 2-forms (j), <j>(PX, PY) = 
4>(X,Y). 

In accordance with H4.19J1 the bundle W+ splits into three pieces as follows: 

W+ = W+ ©W+ ©W+, 

where 

- W+ = M x M is the sub-bundle of elements preserving Q4.19I1 and acting by the ho- 
mothety on the two factors, hence the trivial line bundle generating by the elements 

lF®F-\id; 

- W+ is the sub-bundle of elements which exchange the two factors in I|4.19J1 : each 
element <fi 6 A+M is identified with the element h(F © + <fi © F); 

- W+ is the subbundle of elements preserving the splitting H4.19JI and acts trivially 
on the first factor M..F, i.e. it is the space of those endomorphisms of A+ which are 
P-invariant. 

Thus, W + can be written in the form 

(4.20) W + = f ( |f © F - \id) + i(P © (f> + (j) © F) + W+ : 
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where / is some real function. 

In dimension 4 the Lee form 9 determines dF completely by 

(4.21) dF = 9 A F. 

In particular, d9 is trace-free, J2i=i d9(a, Pei) — 0. Hence, the self-dual part d9 + of d9 is a 
section of A„M. 

To any 4-dimensional almost paraHermitian manifold with a Lee form 9 one can associate 
the canonical Weyl structure, i.e. a torsion-free connection V w determined by the equation 
V w g = 9 ® g. The conformal scalar curvature k of an almost paraHermitian structure is 
defined to be the scalar curvature of the canonical Weyl structure with respect to the metric 
g. Then (see e.g. (H2J) 

(4.22) k = 8-1(3(9,9) + 259). 

The conformal scalar curvature is conformally invariant of weight —2, i.e. if g' — f~ 2 g then 
k' = f 2 k. 

4.1. Curvature of paraHermitian 4-manifold. Let (M,g,P) be a 4-dimensional para- 
Hermitian manifold. The Chern connection V 1 and the Levi-Civita connection are related 
by g(V x Y, Z) = g(V 9 x Y, Z) - \(9 A F)(PX, Y, Z) due to lEm and <4~2ll . Consequently, 

(4.23) R l (X,Y,Z,V) = R 9 (X,Y,Z,V) - -d(P9)(X,Y)F(V, Z)+ 

l - (L(Y, Z)g(V, X) - L(X, Z)g(V, Y) + L(X, V)g(Y, Z) - L(Y, V)g(Z, X)) , 
where the tensor L has the form 

(4.24) L(X, Y) = (\7 9 X 9)Y + h(X)9(Y) - lg(0, 9)g(X, Y). 

The curvature R 1 is of type (1,1) according to Theorem 13.51 Then (|4.23|) . H4.24I) imply, in 
local paraholomorphic coordinates, that 

( 4 - 2 5) & m - =-\ ('-Jin., ~ LikQfl + ■"'.J!!,,) , = 

R ijkT = ~2 ( L 3* 9iI ~ L ik9j! - LjWik + L il9jk) > R l]kl = R ljkV 
/-.- = Vfflj + -,'>,')„. L i3 = V?% + - 2 0,0 j - l\9\ 2 9i] . 
We take the traces in l|4.23jl , H4.25II , Il3.17jl and use Q4.22H to get our technical 

Proposition 4.1. The Ricci tensors and the scalar curvatures of a 4-dimensional paraHer- 
mitian manifold satisfy the conditions 

p% - R U + R U = -\ ( V J 9 » + v ^ + w») > 6. 

n a * - -R 9 4- R 9 =--H9 i n 9 * =1F" 

/';,•/';: m- b Qf* + ^(M))* JS , 

s + s* = 2S9 + g(9,9), 

I. 
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In particular, the conformal scalar curvature is equal to (— ) the trace of the Ricci form of 
the Bismut connection. Therefore, the trace of the Ricci form of the Bismut connection is a 
conformal invariant of weight —2. 

We note that the expression of the (l,l)-part of the sum of the two Ricci tensors and the 
formula for the sum of the two scalar curvatures in Proposition 14,11 were obtained in j^E] • 

The structure of W + on a 4-dimensional paraHermitian manifold is similar to that of the 
Hermitian manifold presented in [§]. We described it in the following 

Lemma 4.2. On a 4-dimensional paraHermitian manifold the third component ofW + 
vanishes identically and the positive Weyl tensor is given by 

k k 1 1 

(4.26) W + = -F®F- — id- ~ib®F- -F ® ib, 
y ' 8 12 4 4 

where the two form ip is determined by the self-dual part of d9 + ,ipij = ddij. 

Proof. On a 4-dimensional pseudo-Riemannian manifold the Weyl tensor is expressed in 
terms of the normalized Ricci tensor h = — \ \p — |g) as follows 

(4.27) W(X, Y, Z, V) = R 9 (X, Y, Z, V) - h(X, Z)g(Y, V)+ 
h(Y, Z)g(X, V) - h(Y, V)g(X, Z) + h(X, V)g(Y, Z). 

The condition Wg = is a consequence of \A.27l and Corollary 13.61 due to the relation 
W ljkl = R\- u = 0. According to lET20j) we have W(F) = W+{F) = fF + ip. We calculate 
from (14.27ft applying Proposition 14. II that 

1 k 

w ijk k = -^de l3 , W fjk i = -gq. 

Hence, the lemma follows. □ 

Another glance at (13 . 1 7fl leads to the expression r,^ 1 = —d9ij, r7-} = d&jj since the Ricci 
form of the Chern connection is of type (1,1). The last equalities and Lemma FOl imnlv 

Proposition 4.3. A ^dimensional paraHermitian manifold is anti-self-dual (W + = 0) if 
and only if the Ricci form of the Bismut connection is an anti- self- dual 2-form. 

Consider the co-differential of the positive Weyl tensor 8W + as an element of A§(T*M). 
Then we have the splitting 

SW + = {5W + ) + © (SW+y, 

where (6W+)+ is a section of A^ 2 ' 0)+(1 ' 1) (T*M) while (5W + )~ is a section of A°' 2 (T*M). In 
particular, (5W + )~ = if and only if the co-differential of the whole Weyl tensor vanishes 
on any three (l,0)-vectors. 

4.2. Proof of Theorem ll.il The equivalence a) <^ b) is proved in Lemma T4. 21 
The second Bianchi identity reads as 

5W(X-Y,Z) = (V 9 Y h)(Z,X) - (V 9 z h)(Y,X) 

On (1,0) vectors it gives due to l|3.15ll that 

(4.28) (SW+XX 1 ' -^ 1 ' ^ 1 ' ) - (V^.op)^ 1 ' ,^ 1 ' ) - (Vli.op)^ 1 ' ^ 1 ' ). 

Assume dOij — 0. Then Proposition 14.11 the Ricci identities and l|4.25ll imply Vf Pjk — 
V 9 jPik = 0. Hence, (5W + )~ = due to i|4.28Jl . The implication a) c) is proved. 
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Let (SW + ) = 0. The local components of the Chern connection and its torsion tensor 
are given by 




The equation Q4.28I1 . in terms of the Chern connection, takes the form 

3 

(4.29) Vjpjk - V}pik = - {9 3 p ik - Oipjk) ■ 

The Ricci identities for the Chern connection, V\V)9 k - V}V^0 fc = 9jV\6k ~ 9 l \7 1 j 9 k , the 
first equality in Proposition 14. II and 114. 2911 yield 

v\de ]k - v l jd6 ik = e k de l3 - ^(0 t dB jk - e 3 de lk ). 

Make a cyclic permutation in the latter then add the two and subtract the third of the 
obtained equalities to get 

(4.30) Vjd9 jk = -26id9 jk + X -(9 3 d9 kl - 9 k d9ji). 

Take the covariant derivative in II4.3()|) and apply 14..'i()t to the obtained result to derive 

(4.31) v\v\d$j h = ^vledOjk + \{v\e 3 de kl - v^d^) 

+49i6id6 jk + \i6i0jd6tk - OiOkdeij) - (O^dO^ - O^dO^) 

The Ricci identity V]V)d6 k i - V)V\d9ki = -9 l V)d9 ki + 9 j V]d9 k i and l(43T)l imply 

3 

2d9ud9jk + —(9i9jd9ki + 9i9kd9ij — 9j9id9ki — 8k9id9ij) = 

^{d9 t] V}9 k + ddkiVjOj - d9 H V\9 ] - d9 l3 V\9 k ). 
Change I «-> j, i «-» k into the latter equality and sum up the results to obtain 

Add u d6 jk = d9i k d9 l3 + d9 i] d9 kl . 

From the last equality we easily infer 5d9nd9j k = 0. Hence, ddj k — which completes the 
proof of Theorem 11.11 □ 

We consider the question of integrability of totally isotropic real 2-plane supplementary 
distributions on an oriented 4-dimensional neutral Riemannian manifold. Any such splitting 
of the tangent bundle defines an almost paracomplex structure compatible with the neutral 
metric, such that we get an almost paraHermitian 4-manifold. The integrability of 2-plane 
supplementary distributions is equivalent to the integrability of the almost paracomplex 
structure. A necessary condition is the vanishing of the third component of the positive 
Weyl tensor, which is equivalent to the vanishing of the whole Weyl tensor on the 2-plane 
distribution. Note that this is equivalent to the vanishing of the whole curvature on the 2- 
plane i.e. the identity in Corollarv l3.fil holds, This leads to fourth order polynomial equation 

(see also which can not have always real-root solutions. In the case of existence, we 
give sufficient conditions for the integrability of P in the following 

Theorem 4.4. Let (M,g) be an oriented neutral Riemannian ^-manifold with nowhere 
vanishing positive Weyl tensor W + . Suppose that P is an almost paracomplex structure 
such that W + vanishes on each eigen-subbundle determined by P, i.e. the component W% 
of W + with respect to P vanishes. Then any of the two following three conditions imply the 
third: 
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i) W+ = 0; 

ii) {5W+)~ = 0; 

Hi) the paracomplex structure P is integrable. 

Proof. Observe that any smooth section F of A + M with constant norm 2 is the fundamental 
2-form of an almost paracomplex structure. Replacing M by a two-fold covering, if necessary, 
the positive Weyl tensor W + can be written in the form 14.2011 , where / is a smooth function 
and = 0. 

According to Theorem ll.il we have to show that i) and ii) imply hi). 
Assume = 0. Then W + = jfF (g> F - \fid. Using the definition of the Lee form, 
we calculate easily that 

(4.32) (SW+)x = (^Pdf(X) - \fP6{X)\ F - \fV 9 PX F + \{df A X + Pdf A PX) . 

The (0,2)-part of llP2l gives = (SW + )~ = (V 9 F)°< 2 . Using £31 we infer N = 0. □ 

Corollary 4.5. Let (M,g,P) be an almost paraHermitian 4-manifold. 

i) Suppose W + ^ everywhere and = = 0. Then (5W + ) + = is equivalent 
to d(\W+\-iF^ =0. 

ii) Suppose (M,g,P) is a paraHermitian 4-manifold. If it has nowhere vanishing posi- 
tive Weyl tensor then SW + = if and only if g' = |TU + |~3.g is a paraKahler metric. 
The Ricci tensor p 9 of g is P -anti- invariant if and only if the vector field Pgradgi f , 
where f = \W + \~z is a Killing vector field with respect to the paraKahler metric g' . 

In particular, a paraHermitian Einstein J^-manifold is either with everywhere van- 
ishing positive Weyl tensor or is globally conformal to a paraKahler space. In the 
latter case there exists non zero Killing vector field with respect to the paraKahler 
metric. 

Proof. The (2,0) + (l,l)-part of ^32l yields 

3 /l „ 1 



3 

+ 4 



{5W + )+ = l^-Pdf(X) - -fP9(X) ) F- 
\df - \f0\ A X + f^Pdf - i/V 1 PX 



Assume = 0. Then the function / is nowhere vanishing otherwise W + will have zeros. 
Moreover \W+\ 2 = (W+{F,F)) 2 = 4/ 2 . The equation {SW+)+ = is equivalent to 9 = 
^dlnf. Thus we prove i). The condition ii) is a consequence of i) and Theorem 14.41 □ 

5. Nearly paraKahler manifolds 

An almost paraHermitian manifold is called Nearly paraKahler (nearly bi-Lagrangian) if 
the almost paraHermitian structure is not para-Kahler and satisfies the identity 

(V 9 X P)X = 0, (V 9 X F)(Y, Z) + (V 9 Y F)(X, Z) = 0. 

An example of nearly paraKahlerian 6-manifold is given in • 

We denote the unique canonical connection V° on a Nearly paraKahler manifold by V. 
Applying the statements in Proposition 13. 11 we get 

Proposition 5.1. A nearly paraKahler manifold is quasi-Kahler, dF + = 0, the Nijenhuis 
tensor N is a 3-form and the torsion T of the unique canonical connection is determined by 
the Nijenhuis tensor, T = —N = PVP. 
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Many properties of nearly paraKahler manifolds are, in some sense, formally very similar 
to these of nearly Kahler manifolds studied mainly by A.Gray [HMEEUHZj- Below we follow 
roughly EDI (see also dU). 

Proposition 5.2. On a nearly paraKahler manifold the following identity holds 

(5.33) R 9 (X,Y,Z,V) + R 9 (X,Y,PZ,PV) = g((V 9 x P)Y,(V 9 z P)V). 

Proof. The nearly paraKahler condition implies {V 9 X P)(Y, PY) = 0. Then, we get easily 
that R 9 (X,Y,X,Y) + W> (X,Y, PX, PY) = g {(V 9 x P)Y,{V 9 x P)Y). Polarizing the latter 
equality and using Bianchi identity, we obtain 15. 33|) . □ 

Our crucial result in this section is the following 

Theorem 5.3. On a nearly paraKahler manifold the Nijenhuis tensor is parallel with respect 
to the canonical connection V, 

V7V = -VT = 0. 

Proof. The curvature R 9 of the Levi-Civita connection and the curvature R of the canonical 
connection are related by 

(5.34) B?{X, Y, Z, V) = R(X, Y, Z, V) - \(V X T)(Y, Z, V) + ^(V Y T)(X, Z, V) 

-\g (T(X, Y),T(Z, V)) - \g (T(Y, Z),T(X, V))-\g (T(Z, X),T(Y, V)) 

Since R o P = P o R, the equation l|5.34ll leads to 

R 9 (X, Y, Z, V) + R 9 (X, Y, PZ, PV) = 
-(VxT)(Y", Z, V) + (V Y T)(X, Z, V) - g(T(X, Y),T(Z, V)). 

Comparing the latter equality with ftTSljl . we derive (V X T)(Y, Z, V) - (V Y T)(X, Z, V) = 0. 
Take the cyclic sum and add the result to conclude VT = 0. □ 

Corollary 5.4. On a nearly paraKahler manifold the following identities hold 

R 9 (X, Y, Z, V) + R 9 {X, Y, PZ, PV) + R 9 {PX, Y, PZ, V) + R 9 (PX, Y, Z, PV) = 0, 
R 9 (X, Y, Z, V) = R 9 {PX, PY, PZ, PV); 
R{X, Y, Z, V) = R{Z, V, X, Y) = -R(PX, PY, Z, V) = -R(X, Y, PZ, PV); 
p 9 (PX,PY) = - P 9 (X,Y), p 9 *(PX,PY) = -p 9 *(X,Y) = -p 9 *(Y,X), 
p(X,Y)=p(Y,X), r(PX,PY) = -r(X,Y), 
1 ™ 

(5.35) p 9 (X, Y) - p(X, Y) = -J2 9(T(X, e t ),T(Y, e t )), 

1=1 

n 

(5.36) p 9 (X, Y) + p 9 *(X, Y) = 2J2 g{T(X, e t ),T{Y, e,)), 

»=i 

n 

(5.37) p 9 *(X, Y) = r 9 (X, PY) = r{X, PY) - - ^ g(T(X, e % ),T{Y, e,)), 

i=l 

(5.38) 3p 9 (X, Y) - p 9 * (X, Y) = 4p(X, Y) , 

(5.39) p 9 {X,Y) + 5p 9 *(X,Y) =4r(X,PY). 
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Proof. Put VT = into (l5~34l to get 

(5.40) R 9 {X,Y,Z, V) = R(X,Y,Z,V) 

-\g (T(X, Y),T(Z, V)) - \g (T(y, Z),T(X, V)) -\g (T(Z, X),T(Y, V)) 

All the identities in the corollary are easy consequences of (15.4011 □ 

5.1. Nearly paraKahler manifolds of dimension 6. We recall that a nearly paraKahler 
manifold is said to be of constant type a G M if 

(5.41) g((y s x P)Y, (V 9 X P)Y) = a {g(X, X)g{Y, Y) - g 2 (X, Y) + g 2 (PX, Y)) . 

In the Nearly Kahler case the constant type condition (with positive constant a) occurs only 
in dimension 6 and any 6-dimensional Nearly Kahler manifold is an Einstein manifold with 
positive scalar curvature [HZj- It is observed in |3B] that in the Nearly paraKahler case the 
constant type phenomena occurs but the zero-value of a can not be excluded. We describe 
the structure of the Ricci tensor in the next 

Theorem 5.5. Any 6-dimensional nearly paraKahler manifold is an Einstein manifold of 
constant type a G R and the following relations hold 

(5.42) p 9 = hag, p 9 * = -ag, p = Aag. 

Consequently, the Riemannian scalar curvature s 9 = 30a. 
In particular, if a = then the manifold is Ricci flat. 

Proof. Let e\, e%, e^, Pe\, Pe%, Pe% be an orthonormal local basis of smooth vector fields. 
The torsion T of the canonical connection (or equivalently, the Nijenhuis tensor N) is a 
3-form of type (3,0) + (0,3). Therefore we may write T(e\, e%) = ae^ + bPe^, where a and b 
are smooth functions which turn to be constants because the torsion is V-parallel. It is easy 
to calculate that Q5.4H holds with a = a 2 — b 2 . Moreover, we get the formula 

3 

(5.43) 3( T (*' e 0. T ^ e *)) = 2(a 2 - b 2 )g(X, Y) = 2ag(X, Y). 

i=l 

The Nearly paraKahler condition implies (a, b) ^ (0,0). In particular, the (3,0) + (0,3)-form 
T is non-degenerate. On the other hand, VT = 0, due to Theorem 15.31 Hence, the Ricci 2- 
form of the canonical connection vanishes as a curvature of a flat line bundle. The condition 
r = and Corollary 15.41 completes the proof. □ 

Remark 5.6. Using similar arguments as in the Nearly Kahler situation 03] we derive that 
a Nearly paraKahler manifold of non-zero constant type has to be of dimension 6. 



6. Examples, twistors and reflectors on paraquaternionic manifolds 

To obtain examples of Nearly paraKahler manifolds we involve twistor machinery. We 
are going to adapt Salamon's twistor construction on quaternionic manifolds [flOl El E21 to 
the paraquaternionic spaces. 
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6.1. Paraquaternionic manifolds. Both quaternions H and paraquaternions H are real 
Clifford algebras, H = C(2,0), H = C(l, 1) = C(0,2), In other words, the algebra Jf 
of paraquaternions is generated by the unity 1 and the generators J\, J 2 , J3 satisfying the 
paraquaternionic identities, 

(6.44) j\ = 4 = -4 = 1, JiJ 2 = -J 2 Ji = J 3 . 

We recall the notion of almost paraquaternionic manifold introduced by Libermann O] ■ 
An almost quaternionic structure of the second kind on a smooth manifold consists of two 
almost product structures J\ , J2 and an almost complex structure J3 , which mutually anti- 
commute, i.e. these structures satisfy the paraquaternionic identities H6.44J1 . Such a structure 
is also called complex product structure 0J|2j- 

An almost hyper-paracomplex structure on a 4n-dimensional manifold M is a triple H = 
(J a ),a — 1,2,3, where J a ,a = 1,2 are almost paracomplex structures J a : TM — » TM, 
and J3 : TM — > TM is an almost complex structure, satisfying the paraquaternionic 
identities 16.44ft . When each J a ,a — 1,2,3 is an integrable structure, H is said to be a 
hyper-paracomplex structure on M. Such a structure is also called sometimes pseudo-hyper- 
complex [2£j. Any hyper-paracomplex structure admits a unique torsion-free connection V oh 
preserving J\ , J2 , J3 01 12] called i/ie complex product connection. 

In fact an almost hyper-paracomplex structure is hyper-paracomplex if and only if any 
two of the three structures J a are integrable, due to the following 

Proposition 6.1. The Nijenhuis tensors N a of an almost hyper-paracomplex structure H = 
{J a ),a = 1,2,3 are related by: 

2N a (X, Y) = Np^X, J 7 F) - J 1 N P { J 7 A, Y) - J 7 A^(A, J 7 F) - J*Np(X, Y)+ 

N^JpX, JpY) - JpN^JpX, Y) - J p N y {X, J P Y) - J%N 7 (X, Y) 

Proof. The formula follows by very definitions with long but standard computations. □ 

We note that during the preparation of the manuscript the formula in the Pronosition lfi.il 
appeared in the context of Lie algebras in [22] . 

An almost paraquaternionic structure on M is a rank-3 subbundle P C End(TM) which 
is locally spanned by an almost hyper-paracomplex structure H = (J Q ); such a locally 
defined triple H will be called admissible basis of P. A linear connection D on TM is 
called paraquaternionic connection if D preserves P, i.e. there exist locally defined 1-forms 
w a , a = 1,2,3 such that 

(6.45) D Ji = -LU3 ® J2 + UJ2 ® J3, -D J2 = W3 ® Ji + uji ® J3, J 3 = W2 ® Ji + uji ® J2. 
Consequently, the curvature i? 15 of D satisfies the relations 

[i? 15 , Ji] = -A a ® J 2 + A 2 ® J 3 , 

(6.46) [i? D ,J 2 ] =v4 3 ® Ji+^i® J 3 , 

J 3 ] = A 2 Ji + A <g> J 2 , 
Ai = du>i + lu-2 A W3, ^2 = dw2 + w 3 A u>i, A3 = dti>3 — u>i A 0^2- 

An almost paraquaternionic structure is said to be a paraquaternionic if there is a torsion- 
free paraquaternionic connection. 

A P -Hermitian metric is a pseudo Riemannian metric which is compatible with the 
(almost) hyper-paracomplex structure H — (J a ),a = 1,2,3 in the sense that the metric g 
is skew-symmetric with respect to each J Q , a = 1,2, 3, i.e. 

(6.47) 5 (Ji., Ji.) = g(J 2 ., J 2 .) = -g(J 3 , J 3 .) = -g(; •)■ 
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The metric g is necessarily of neutral signature (2n,2n). Such a structure is called (almost) 
hyper-paraHermitian structure. 

An almost paraquaternionic (resp. paraquaternionic) manifold with P-Hermitian metric is 
called an almost paraquaternionic Hermitian (resp. paraquaternionic Hermitian) manifold. 
If the Levi-Civita connection of a paraquaternionic Hermitian manifold is paraquaternionic 
connection, then the manifold is said to be paraquaternionic Kahler manifold. This condition 
is equivalent to the statement that the holonomy group of g is contained in Sp(n, M)Sp(l, R) 
for n > 2 j.Tll I(i4| . A typical example is the paraquaternionic projective space endowed 
with the standard paraquaternionic Kahler structure |21]f. Any paraquaternionic Kahler 
manifold of dimension 4n > 8 is known to be Einstein with scalar curvature s j-Tll 164] . If 
on a paraquaternionic Kahler manifold there exists an admissible basis (H) such that each 
J a ,a = 1,2,3 is parallel with respect to the Levi-Civita connection, then the manifold is 
said to be hyper-paraKahler. Such manifolds are also called hypersymplectic PSj, neutral 
hyper-Kahler |4(il I29| . The equivalent characterization is that the holonomy group of g is 
contained in Sp(n, R) if n > 2 |64j . 

When n > 2, the paraquaternionic condition, i.e. the existence of torsion-free paraquater- 
nionic connection is a strong condition which is equivalent to the 1-integrability of the asso- 
ciated GL(n,H)Sp(l,M.) = GL(2n,R)Sp(l,M)- structure 0|3|. Such a structure is a type 
of a para-conformal structure jH] as well as a type of generalized hypercomplex structure 

6.2. Hyper-paracomplex structures on 4-manifold. For n = 1 an almost paraquater- 
nionic structure is the same as an oriented neutral conformal structure and turns out to 
be always paraquaternionic O EH1 EH E3 ■ The existence of a (local) hyper-paracomplex 
structure is a strong condition because of the next 

Theorem 6.2. If on a 4-manifold there exists a (local) hyper-paracomplex structure then 
the corresponding neutral conformal structure is anti-self-dual. 

Proof. Let (g,(J a ),a — 1,2,3) be an almost hyper-paraHermitian structure with funda- 
mental 2-form F a associated to each J a . Denote by 61,62,63 the corresponding Lee forms 
(defined by 6 a = -SF a o J|). 

Lemma 6.3. The structure (g,(J a ),a = 1,2,3) is a hyper-paracomplex structure, if and 
only if the three Lee forms coincide, 61 = 62 = 63 . 

Proof. The Levi-Civita connection satisfies 16.45|) . Consequently the Nijenhuis tensors obey 

(6.48) N a = -B a ® Jp + Jp ® B a ~ J a B a ® J 7 + J 7 ® J a B a , B a = oj p - J^w 7 . 
Simple calculations using II6.45|I give 

61 = —J2U2 + ^3^3, 62 — JlWi + J3UJ3, 63 = —J2UJ2 + J\0J\. 

The last three identities and l|6.48|l yield 

Ji(6 2 — 61) = B3, 12(62 — 63) = B\, 33(63 — 6\) = B 2 . 
Another glance at 16.480 completes the proof of the lemma. □ 

Suppose that each J a ,a — 1,2,3 is integrable. Denote the common Lee form by 6 and 
take the 3-form T to be the Hodge-dual to 6 with respect to g. We have the identities 
T = *6 = -6 o Ji A Fi = -6 o J 2 A F 2 = +6 o J 3 A F 3 . Then the Bismut connections of the 
three structures coincide, i.e. the linear connection V h := V 9 + jT preserves the metric and 
each J a , a = 1,2,3. Therefore, each fundamental two form is parallel with respect to this 
connection, V b F a = 0, a = 1,2,3. Consequently, the 2-form $1 = F 2 + F 3 is V -parallel, 
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V b <fri = 0. The 2-form $1 is a (2,0) + (0,2)-form with respect to J\. Hence, the Ricci form 
of the Bismut connection vanishes and W + — due to Proposition 14.31 □ 

Note that the integrability condition, Lemma l?T3l in the case of hyper-complex structure 
is due to F.Battaglia and S.Salamon (see |34| 1. 

The universal cover SL(2,M) of the Lie group SL(2, R) admits a discrete subgroup T 

such that the quotient space (SL(2, R)/T) is a compact 3-manifold O EH1 EBj- Such a 
space has to be Seifert fibre space and all the quotients are classified in [55] . The 

compact 4-manifold M = S 1 x (SX(2,R)/r) admits a complex structure and is known as 

Kodaira-Thurston surface modeled on S 1 x SX(2,R) [65 . 

6.3. Proof of Theorem EH Let Sf(l) = {R 4 3 (a,b,c,d) : a 2 + b 2 - c 2 - d 2 = 1} be 
the unit pseudo-sphere with respect to the standart neutral metric in R 4 . We consider the 
so-called hyperbolic Hopf manifold M x 5f (1) isomorphic to the Lie group R x SL(2, R). The 
Lie algebra R x sZ(2, R) = gl(2,M) has a basis {W, X,Y, Z} with Z central and non-zero 
brackets given by 

[X, Y] = W, [Y, W] = -X, [W, X] = Y. 
An almost paracomplex structure on R x SX(2,R) is constructed in The Lie algebra 
R x sl(2, R) supports a hyper-paracomplex structure given by [41122] 

J 3 Z = X, J 3 Y = W, J 2 Z = Y, J 2 X = -W. 
We pick a compatible neutral metric g, in the corresponding conformal class, defined such 
that the basis {W, X, Y, Z} is an orthonormal basis, X, Z have norm 1 while Y, W have norm 
-1, g(X, X) - g(Z, Z) = -g(W, W) = -g(Y, Y) = 1. 

Lemma 6.4. The invariant hyper-paraHermitian structure onM.xSL(2, R), described above, 
is non-flat conformally equivalent to a flat hyper-paraKcihler structure. 

More precisely, the Lee form 9 = —Z is V ' 9 -parallel and the complex product connection 
coincides with the Levi-Civita connection of the flat hyper-paraKcihler metric g ob = e~ t g, 
where t is the local coordinate on R. 

Proof. The Koszul formula gives the following non-zero terms: 

2V 9 X Y = W, 2V 9 Y W = -X, 2V 9 W X = Y, 
2V 9 X W = -Y, 2SJ 9 Y X = -W, 2V 9 W Y = X. 

It is easy to check that g is not flat and 9 = —Z = —dt satisfies V 9 9 = 0. The Levi-Civita 
connection of the conformal metric g' = e~ t g is determined by 

2V 9 A B := 2S7 9 A B - 9{A)B ~ 9{B)A + g{A, B)9. 
It is straightforward to verify that V 9 preserves J\, J 2 , J 3 . Hence, it is the complex product 
connection and the metric g' is hyper-paraKahler. It is not difficult to calculate that the 
connection V ff is flat which proves the lemma. □ 

An (left) invariant Weyl-flat hyper-paraHermitian structure on R x SX(2,R) is just the 
neutral product of the standard Lorentz metric of constant sectional curvature on the unit 
pseudo-sphere Sf(l), induced by the neutral metric on R 4 , and the flat metric on R. In 
coordinates [x,y, z, t), it has the form 

ds 2 = (coshy) 2 (cosh z) 2 dxdx + dtdt — (cosh z) 2 dydy — dzdz. 

The lelft-invariant Weyl-flat hyper-paraHermitian structure on R x 5L(2,R) described in 

Lemma |OI descends to M = S 1 x (SL(2, R)/r). The descended structure is not globally 
conformal to a hyper-paraKahler structure since the closed Lee form 9 is actually a 1 form on 
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the circle S 1 and therefore can not be exact. Hence, the proof of Theorem 1 1.31 is completed. 
□ 

The 4-dimensional Lie algebras admitting a hyper-paracomplex structure were classified 
recently in [22j- It is shown in [2] that exactly 10 types of Lie algebras admit a hyper- 
paracomplex structure. Theorem 16.21 tells us that the corresponding neutral metrics are 
anti-self-dual. We show below that some of them are not conformally flat. 

Note that all 4-dimensional Lie groups admitting anti-self-dual non Weyl-flat Riemannian 
metric are classified in |25j . 

Example 6.5. We recall the construction of hyper-paracomplex structures on some 

4-dimensional Lie algebras keeping the notations in [22] . 

i) Consider the solvable Lie algebra PHC5 with a basis {X, Y, Z, W}, non-zero bracket 
[X, Y] = X and hyper-paracomplex structure given by 

J 3 Z = W, J 3 X = Y, J 2 Z = W, J 2 X =Y-Z, J 2 Y = X + W. 
Consider the oriented basis A — X, B — Y, C = Y — Z, D = —X — W and pick 
a compatible neutral metric g with non-zero values on the basis {A, B, C, D} given by 
g{A, A) — g(B, B) — —g(C, C) = —g(D, D) = 1. The metric g on the corresponding 
simply connected solvable Lie group is conformally hyper-paraKahler (hypersym- 
plectic) since the Lee form 6 = B — C is closed and therefore exact. It is anti-self- 
dual metric with non-zero Weyl tensor because its curvature R 9 (A, B, C, D) = 1. In 
local coordinates {x, y, z, t}, the metric is given by 

ds 2 = e 2y dxdx + dydy — e~ v (dxdt + dtdx) + (dydz + dzdy). 

ii) Consider the solvable Lie algebras PHC6, PHC9, PHC10 defined by non-zero brack- 
ets: 

PHC6 [X, Y] = Z, [X, W] = X + aY + bZ, [W, Y]=Y 
PHC9 [Z, W] = Z, [X, W]=cX + aY + bZ, [Y, W] = Y, c ^ 
PHC10 [Y, X] = Z, [W, Z] = cZ, [W, X] = \X + aY + bZ, [W, Y] = (c - c ^ 
These algebras admit a hyper-paracomplex structure defined by 
J 3 Z = Y, J 3 X = W, J 2 Z = Y, J 2 X = W-Z, J 2 W = X + Y. 
Consider the oriented frame A = X, B = W, C ~ W-Z, D = -X -Y . A compatible 
metric g is defined such that the frame {A 7 B, C, D} is orthonormal with g(A, A) — 
g(B,B) = —g(C,C) = —g(D,D) = 1. The Lee forms of these hyper-paraHermitian 
structures are closed and the curvature satisfies 
PHC6 R 9 (A, B, C, D) = (1 - a); 
PHC9 R 9 (A, B, C, D) = ±(2c 2 - 3c - 2ac + 2a + 1); 
PHC10 R 9 (A, B, C, D) = i(c 2 + 2ac - c); 

Clearly there are constants (a,b,c) such that the corresponding Lie algebras admit 
anti-self-dual neutral metric with non-zero Weyl tensor. For example, let us take 
c = —2, a = b — in the Lie algebra PHC9 described in Example 16.51 ii). The 
Lee form 9 = B — C is not V 9 -parallel but closed and the Weyl curvature does 
not vanish because R(A, B,C, D) — 15/2. In coordinates x,y,z,t the left invariant 
vector fields A,B,C,D can be expressed as follows 

A— p -2t_d_ r> — d_ (~i d_ _ „t d_ n _ _-2t d_ _ t d_ 
^ — c dx> ~ dt ' ^ ~ dt e dz ' ^ ~ e dx dy- 

The invariant neutral anti-self-dual metric with non-zero Weyl tensor has the 
form 

ds 2 = e dxdx + dtdt — e t (dxdy + dydx) + e^ t (dtdz + dzdt). 
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It turns out that the conformal structure [g] induced by the invariant hyper-paracomplex 
structure on the corresponding simply connected 4-dimensional Lie group is actually gener- 
ated by a hyper-paraKahler (hypersymplectic) structure, since the Lee form 9 is closed (and 
therefore exact) in all 10 possible cases described in \22\ . On some of them the Lee form is 
zero and the structure is hyper-paraKahler (hypersymplectic). 

Example 6.6. The solvable Lie group corresponding to the Lie algebra defined in 0] and 
obtained from PHC9 for c = — 1, a = b = 0, posses an invariant hyper-paraKahler 
(hypersymplectic) structure with non-zero Weyl tensor since the Lee form vanishes and the 
curvature has non-zero value on an orthonormal basis. 

Summarizing, we get 

Proposition 6.7. Any one of the nine simply connected solvable Lie groups corresponding 
to a solvable 4-dimensional Lie algebra admitting hyper-paracomplex structure supports a 
hyper-paraKahler (hypersymplectic) structure. 

Remark 6.8. The hyper-paraKahler (hypersymplectic) structures on the nine solvable Lie 
groups mentioned in Proposition 16.71 are not left-invariant in general. There are left- 
invariant hypersymplectic structure on exactly four cases according to the recent classifi- 
cation of the hypersymplectic 4-dimensional Lie algebras 0. 

Due to the Malcev theorem [£2j, the 4-dimensional nilpotent Lie group H has a discrete 
subgroup T such that the quotient M = H/T is a compact nil-manifold, the Kodaira surface. 
It is known that these surfaces admit a hyper-paraKahler (hypersymplectic) structure [46 , 
see also |29j . 

Consider the solvable Lie algebra solf defined by non-zero brackets: 

[X, Y] = Z, [X, W] = X, [W, Y] = Y. 

This Lie algebra can be obtained by taking a = b = in the Lie algebra PHC6 described 
in Example 16.51 ii). 

The corresponding solvable Lie group is known to be Solf. The geometric structures 
modeled on this group appear as one of the possible geometric structures on 4-manifold [65 . 
The compact quotients of Solf by a discrete group T constitute the Inoe surfaces modeled 
on Sol{ 

6.4. Proof of Theorem 11.41 A hyper-paracomplex structure on the Lie algebra soli m 
given by 

j 3 z = y, j 3 x = w, j 2 z = y, j 2 x = w-z, j 2 w = x + y. 

Consider the oriented frame A ~ X, B = W,C = W — Z, D = —X — Y . A compatible metric 
g is defined such that the frame {A, B, C, D} is orthonormal with g(A,A) = g(B,B) = 
-g(C, C) = -g(D, D) = 1. The Lee form 6 = B - C is not V 9 -parallel but closed and the 
Weyl curvature does not vanish because R(A, B,C,D) = 1. 

In coordinates x, y, z, t, the left invariant vector fields A, B, C, D on Soli can be expressed 
as follows 

A— e -tJL B = — C = — -— D = -e~'— e*— e t x— 

The left invariant neutral anti-self-dual metric with non-zero Weyl tensor on Soli has the 
form 

ds 2 — e 2t dxdx + dtdt — {dxdy + dydx) + [dtdz + dzdt) — x(dtdy + dydt). 
The left invariant hyper-paracomplex structures on Soli, described above, descends to 
the Inoe surfaces modeled on Soli- Theorem 16.21 completes the proof of Theorem II .41 □ 
All local hyper-paracomplex structures on 4-manifold, we have presented, are locally 
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conformal to hypersymplectic structures. We shall construct a local hyper-paracomplex 
structure which is not conformally equivalent to a hyper-paraKahler (hypersymplectic), i.e. 
its Lee form d9 ^ 0. We adapt the Ashtekar at all [7| formulation of the self-duality Einstein 
equations to the case of neutral metric and modify the Joyce's construction JI2| of hyper- 
complex structure from holomorphic functions. 

Example 6.9. Let V\, V 2 , V 3 , V4 be a vector fields on an oriented 4-manifold M forming an 
oriented basis for TM at each point. Then V\, V4 define a neutral conformal structure [g] 
on M. Define an almost hyper-paracomplex structure (J2, J 3 ) by the equations 
J 3 Vi = -V 2 , J 3 V 3 = V 4 , J 2 V 1 = -V 4 , J 2 V 2 = V 3 . 
Suppose that Vi, V 4 satisfy the three vector field equations 

(6.49) \Vi,V 2 ] + [V 3 ,V 4 ] = 0, [Vi,V 3 ] + [V 2 , V 4 ] = 0, [V u V 4 ] - [V 2 , V 3 ] = 0. 

It is easy to check that these equations imply the integrability of (J 2 , J 3 ), i.e. (J 2 , J 3 ) is a 
hyper-paracomplex structure which is compatible with the neutral conformal structure [g] . 
Hence, [g] is anti-self-dual, due to Theorem 16.21 

The neutral Ashtekar at all equation i)6,49|) may be written in a complex form 

(6.50) [V 1 +iV 2 ,V 1 -iV 2 ] + [V 3 +iV 4 ,V 3 -iV 4 ] = 0, [Vx +iV 2 ,V 3 - iV 4 ] = 0. 

Let M be a complex surface, let (z 1 ,^ 2 ) be local holomorphic coordinates, and define 
Vi,...,14 by 

v 1 + iv 2 = f 1 — + h—, v 3 + iv i = f 3 — + u-^, 

oz L az A oz L oz z 

where fj is a complex function on M. Substituting into H6.5fl|l we find the equations are 
satisfied identically if fj is a holomorphic function with respect to the complex structure on 
M. So we can construct a hyper-paracomplex structure, with the opposite orientation, out 
of four holomorphic functions fx , . .. , f&. 

Taking f± = /, f 2 = f 3 = 0, f 4 = 1 we obtain a local hyper-paracomplex structure. 
Consider a particular neutral metric g G [g] such that 

9(Vi, Vx) = g(V 2 , V 2 ) = ~g(V 3 , V 3 ) = -g(V 4l V 4 ) = 1, g{V h V k ) = 0,j ± k. 
The corresponding common Lee form is given by 

Then d6 ^ provided + 0. 

6.5. Twistor and reflector spaces on paraquaternionic Kahler manifold. Consider 
the space Hi of imaginary para-quaternions. It is isomorphic to the Lorentz space 
with a Lorentz metric of signature (+,+,-) defined by < q,q' >= —Re(qq'), where q = —q 
is the conjugate imaginary paraquaternion. In Rf there are two kinds of 'unit spheres', 
namely the pseudo-sphere Sf(l) of radius 1 (the 1-sheeted hyperboloid) which consists of 
all imaginary para-quaternions of norm 1 and the pseudo-sphere S 2 (— 1) of radius (-1) (the 
2-sheeted hyperboloid) which contains all imaginary para-quaternions of norm (-1). The 
1-sheeted hyperboloid S 2 (l) carries a natural paraHermitian structure while the 2-sheeted 
hyperboloid 5|(— 1) carries a natural Hermitian structure of signature (1,1), both induced 
by the restriction of the Lorentz metric and the cross-product on Hi = R 2 defined by 

for vectors X = x 1 J;, Y — y k Jk- Namely, for a tangent vector X = x l Ji to the 1-sheeted 
hyperboloid S 2 (l) at a point q+ — q\Jk (resp. tangent vector Y — y'LJk to the 2-sheeted 
hyperboloid Sf(— 1) at a point <?_ = q'lJk) we define PX := q + x X (resp. JY = g_ x Y). 
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It is easy to check that PX is again tangent vector to S 2 (l), P 2 X = X, < PX, PX >= 
- < X,X > (resp. JY is tangent vector to Sf(-l), J 2 Y = -Y, < JY,JY,>=< 
Y,Y,>). 

We start with a paraquaternionic Kahler manifold (M,g,H — (J a )) ■ The vector bundle 
P carries a natural Lorentz structure of signature (+,+,-) such that (Ji, J2, J3) forms an 
orthonormal local basis of P. The are two kinds of "unit sphere" bundles according to the 
existence of the 1-sheeted hyperboloid S 2 {1) and the 2-sheeted hyperboloid S 2 {— 1). The 
twistor space Z + {M) (resp. Z~(M)) is the unit pseudo-sphere bundle with fibre S 2 (l) (resp. 

!))• I n other words, the fibre of Z + {M) consists of all almost paracomplex structures 
(resp. all almost complex structures) compatible with the given paraquaternionic Kahler 
structure. The bundle Z + (M) over a 4-dimensional manifold with a neutral metric was 
constructed in and called there the reflector space. Further, we keep their notation. 

Denote by ir^ the projectionof Z ± (M) onto M, respectively. Keeping in mind the formal 
similarity with the quaternionic geometry where there are two natural almost complex struc- 
tures [HlEZl, we observe the existence of two naturally arising almost paracomplex structures 
on Z + (M) (resp. two almost complex structures on Z~(M) p^l) defined as follows: 

The Levi-Civita connection on P preserves the Lorentz metric and induces a linear con- 
nection on Z ± i.e a splitting of the tangent bundle TZ ± = H ± ® V , respectively, where 
V is the vertical distribution tangent to the fibre S 2 (l), (resp. S 2 (— 1)) and H ± a supple- 
mentary horizontal distribution induced by the Levi-Civita connection. By definition, the 
horizontal transport associated to HP preserves the canonical Lorentz metric of the fibres 
Sf (1) (resp. Sf(— 1)); and also their orientation; as a corollary, it preserves the canonical 
paracomplex structure on S 2 (l) (resp. the canonical complex structure on .fv2i(— 1)) de- 
scribed above. Since the vertical distribution V ± is tangent to the fibres, this paracomplex 
structure (resp. complex structure) induces an endomorphism P with P 2 = id (resp. J with 
J 2 = —id) on for each z G Z + (M) (resp. Z~{M)). On the other hand, each point z 
on Z + (M) (resp. Z~(M)) is by definition a paracomplex structure on T 7T ^ Z )Z + (M) (resp. 
a complex structure on T^ Z )Z~ (M)) which may be lifted into an endomorphism P on H+ 
with P 2 = id (resp. J on with J 2 = —id). We define an almost paracomplex structures 
Pi,P2 on Z + (M) and an almost complex structure Ji, J2 on Z~(M) by 

P!(V+)=V+, Pi| v +=P, Pi(H+)=H+, Pi| H +=P, 

P 2 (V+)=V+, P 2 | v+ = -P, P 2 (H+)=H+, p 2 | h +=^; 

J 1 (\r)=V - , Ji| v - = J, J 1 (H-)=H - , Ji| H -=J, 

h(y~) = y~, hW- = ~J, J 2 (H-) = H-, J 2 |h-=^- 

Define a pseudo Riemannian metrics on Z + (M) (resp. Z~(M)) by hf = ir*g + t <, >+ 
,t 7^ 0, <, >+ being the restriction of the Lorentz metric to the fibres S 2 (l) (resp. h~[ — 
ir*g + t <, >y ,t ^ 0, <, >^ being the restriction of the Lorentz metric to the fibres S 2 (—l)). 
It is easy to check that h + (resp. h~) is compatible with both Pi,P2 (resp. JJi , J2 ) such 
that (Z + (M), hf , Pi .2) become an almost paraHermitian manifolds (resp. (Z~(M), h~[ , J1.2) 
become an almost Hermitian manifolds). 

The almost paracomplex structures Pi,P2 and the neutral metrics hf on the reflector 
space of a 4-dimensional manifold with a neutral metric g are investigated in [44j . The 
authors show that the almost paracomplex structure P 2 is never integrable while the almost 
paracomplex structure Pi is integrable if and only if the neutral metric g is self dual. They 
also prove that the neutral metric hf on the reflector space is Einstein if and only if g is 
self-dual Einstein and either ts = 12 or ts = 6. 
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Almost Hermitian geometry of (Z~ (M), , Si, 2) is investigated in [T5) . The calculations 
there are completely applicable to the almost paraHermitian geometry of (Z + (M), hf , Pi,2)- 
In terms of the almost paraHermitian geometry of (Z + (M), hf , Pi,2) Theorem 1 and The- 
orem 2 in [F^ read as follows 

Theorem 6.10. On the reflector space (Z + (M)) of a paraquaternionic Kahler manifold of 
dimension An > 8 we have: 

i) The almost paracomplex structure Pi is integrable and the Lee form of the paraHer- 
mitian structure (Pi,hf) is zero. The structure (Fi,hf) is paraKahler if and only 
ifts = An(n + 2); 

ii) The almost paracomplex structure P2 is never integrable and the Lee form of the 
almost paraHermitian structure (P2,/i^) is zero. The structure (Pa,/it ) is nearly 
paraKahler if and only if ts = 2n(n + 2) and almost paraKahler if and only if 
ts = -4n(n + 2). 

Theorem 6.11. On the reflector space (Z + (M)) of an oriented ^-dimensional manifold M 
with a neutral metric g we have the following: 

i) The almost paraHermitian structure (Pi,hf) has zero Lee form if and only if the 
metric g is self-dual. It is paraKahler if and only if the metric g is Einstein self-dual 
and ts = 12; 

ii) The Lee form of the almost paraHermitian structure (F2,hf) is zero. The structure 
(P2,/i^) is nearly paraKahler if and only if the metric g is self-dual Einstein and 
ts = 6 and almost paraKahler if and only ifts = — 12. 

Remark 6.12. On a paraquaternionic manifold of dimension 4n > 8 we may construct the 
almost paracomplex structure Pi on the reflector space Z + and the almost complex structure 
Ji on the twistor space Z~ using the horizontal distribution generated by a torsion-free 
connection instead of the horizontal distribution of the Levi-Civita connection. In that case, 
we find an analogue of the result of S.Salamon [§01 EH] EEj , (proved also independently by 
L. Berard-Bergery, unpublished, see ^Sj). Namely, we have 

Theorem 6.13. On a paraquaternionic manifold of dimension An > 8 the almost paracom- 
plex structure Pi on Z + and the almost complex structure Ji on Z~ are always integrable 

We sketch a proof which is completely similar to the proof in the case of quaternionic 
manifold presented in Denote by R the curvature of a torsion-free connection V. Let 
S — xJ\ + y J2 + ZJ3 be either an almost paracomplex structure or an almost complex struc- 
ture compatible with the given paraquaternionic structure i.e. the triple (x,y,z) satisfies 
either x 2 + y 2 — z 2 — 1 or x 2 + y 2 — z 2 — — 1. Denote by 

S(R)(X,Y) = [R(SX, SY),S}- S[R{SX,Y),S\ - S[R(X, SY), S] + S 2 [R(X,Y), S}. 

In view of the analogy with the proof in the quaternionic case presented in ^Hl, 14.72-14.74 
the result will follow if S(R) — 0. The last identity can be checked in the exactly same way 
as it is done in ^Hl, Lemma 14.74 using 116. ljl instead of formulas 14.39 in [16| . 

6.6. Examples of nearly paraKahler and almost paraKahler manifolds. Theo- 
rem 16.101 helps to find examples of nearly paraKahler and almost paraKahler manifolds. 
We note that the sign of the scalar curvature (if not zero) is not a restriction since the met- 
ric (-g) have scalar curvature with opposite sign. Hence, taking the reflector space of any 
neutral (anti) self-dual Einstein manifold with non-zero scalar curvature in dimension four 
and any quaternionic paraKahler manifold in dimension An > 8 we can find a real number 
t to get nearly paraKahler and almost paraKahler structure on it. 
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(1) The pseudo-sphere 5| is endowed with an almost paracomplex structure [H] and it 
is shown in that there exists a nearly paraKahler structure on 5| induced from 
the so-called second kind Cayley numbers (see O]) in R|. The structure is Einstein 
with non-zero scalar curvature, in fact the metric is the standard neutral metric on 
Sf inherited from Kf. 

(2) Start with one of the following 4-dimensional neutral self-dual Einstein spaces 

(5| = SO+(2,3)/GL+(2,R),can), (CP 1 ' 1 = (SU{2,l)/(SO{l,l).U(l)),can), or 
(SL(3,R)/GL + (2,R), c.Kill\ s i^ R )), where c is a suitable constant and Kill\ s if^m 
is the restriction of the Killing form of s^(3,R) to the homogeneous space 
SL(3,R)/GL+(2,R. The corresponding reflector spaces are SO+(2, 3)/GL+(2,K), 
SU(2,l)/(SO(l,l).U(l)), SX(3,R)/(R+ xR+ur xl"), respectively gHj. These 
homogeneous spaces admit a homogeneous nearly paraKahler structure of non-zero 
scalar curvature as well as an homogeneous almost paraKahler structure according 
to Theorem 16. Ill 

(3) Non-homogeneous example arises from the non- (locally) homogeneous neutral self- 
dual Einstein space of non-zero scalar curvature described in |2I] . Its reflector space 
admit a nearly paraKahler structure of non-zero scalar curvature, as well as an 
almost paraKahler structure, due to Theorem 16. Ill 

To the best of our knowledge there are no known examples of Ricci flat 6-dimensional 
Nearly paraKahler manifolds. 
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